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Abstract

We show that deciding whether an argument a is stronger than an argument b with respect to the discussion-based
semantics of Amgoud and Ben-Naim is decidable in polynomial time. At its core, this problem is about deciding
whether, for two vertices in a graph, the number of walks of each length ending in those vertices is the same. We
employ results from automata theory and reduce this problem to the equivalence problem for semiring automata.
This offers a new perspective on the computational complexity of ranking semantics, an area in which the complexity
of many semantics remains open.
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1. Introduction

Abstract argumentation frameworks (AAFs) [1] are an approach for modelling argumentative scenarios
that represents arguments as vertices in a directed graph, where a directed edge represents an attack from
one argument to another. Besides the classical approach for reasoning in AAFs consisting of identifying
sets of arguments (extensions) that form a plausible outcome of the argumentation, another important
approach are ranking-based semantics [2, 3, 4]. A ranking-based semantics gives a ranking (usually a
total preorder) over the set of arguments of an AAF, with the intended meaning that higher ranks indicate
stronger acceptability or plausibility. Using ranking-based semantics, a more finer-grained assessment of
the strength of arguments can be achieved, in contrast to classical extension-based semantics. Several
different approaches for ranking-based semantics (and the related gradual semantics) have been proposed
over the years [5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 2, 18], ranging from approaches founded
in the topological analysis of the underlying graph structure [2, 15] to approaches generalising the
extension-based perspective to rankings [10], see also [4] for a recent survey.

In this paper, we are addressing issues of computability and complexity of ranking-based semantics.
Interestingly, very little work has been done on this aspect so far. Some works such as [19, 4] do
present algorithms for some ranking-based semantics and conduct empirical evaluations, but the exact
computational complexity of the even most basic ranking-based semantics from [2] has not been settled
until now. This is not so surprising, after all, the problem of deciding whether some argument a is stronger
than another argument b wrt., in particular, the discussion-based semantics [2], has some underlying
combinatorial challenges when it comes to considering walks of infinite lengths in the argumentation
framework. In fact, when abstracting from the application of ranking-based semantics in abstract
argumentation, the underlying graph theoretical problem is quite intricate and has, to the best of our
knowledge, not been considered in its generality so far.

We consider the discussion-based semantics [2] in this paper as an example for a simple ranking-based
semantics. We will present the formal background in Section 3, but this semantics, roughly, assesses an
argument ¢ is stronger than an argument b if the number of odd (resp. even) walks ending in a are less
(resp. more) than the corresponding number of walks ending in b. Implementations of this semantics,
such as [4], usually set some maximal length of walks to consider in order to have a terminating algorithm.
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However, no formal justification is known why any maximal length maintains the correctness of the
algorithm. We will settle this question and show, in particular, that the problem of deciding whether an
argument a is stronger than an argument b wrt. the discussion-based semantics is not only decidable but
also decidable in polynomial time. In order to show this, we use results from automata theory and, in
particular, about the equivalence of automata over semirings [20, 21]. Our result does not only shed
light on computational questions regarding the discussion-based semantics, but also on all ranking-based
semantics that are defined in terms of walks in an abstract argumentation framework. Moreover, our result
also solves an interesting general graph-theoretical problem that has not been considered until now, i. e.,
deciding for two given vertices whether, for each length, the number of walks of that length is the same.
The main contributions of this paper are:

* [Interlinking Concepts] We introduce the notion of agreement on the numbers of walks for two
vertices of a graph, which is for each length the number of walks of that length that end in these
vertices is the same. This notion offers the following connections between areas:

— [Ranking Semantics — Graph Theory] The agreement on the numbers of walks strongly
corresponds to the equivalence of strength of arguments with respect to discussion-based
semantics. (Section 4)

— [Graph Theory — Semiring Automata] For two vertices v and u, there are two semiring
automata over the rationals that are equivalent if and only if v and u agree on the number of
walks. (Section 6)

* [Complexity of EQUALWALKCOUNT] Deciding if two vertices of a graph agree on the numbers of
walks is shown to be in PTIME. (Section 6)
* [Complexity of Discussion-Based Semantics] Deciding STRONGERDIS, i.e, if an argument is
stronger than another argument with respect to discussion-based semantics, and deciding EQUIV-
Dis, i.e., if two arguments have the same strength with respect to discussion-based semantics, are
shown to be in PTIME. (Section 7)

Notably, we will derive that the length of walks one must consider in each of the aforementioned
problems is bounded. This paper is the first to establish such bounds, which are central to identifying the
computational complexity.

The paper is organized as follows. The main results are presented in Section 4, Section 6 and Section 7
as indicated above. We are presenting in Section 2 (basic notions), Section 3 (abstract argumentation),
and Section 5 (semiring automata) the required background and notions. We conclude in Section 8.

2. Background and Basic Notions

With N = {1,2,3,...} we denote the set of positive integers and denote by Nyp = N U {0} the set of
non-negative integers. The semiring of rational numbers is the tuple (Q, -, +, 0, 1), where the product
“.” of the semiring is the usual multiplication on Q and the sum “+” is the usual addition on Q, the
neutral element of the product is 1 and 0 is the neutral element of summation (and null-element of the
product). We will use notions and results from formal language and automata theory (see, e.g., [22]) and
computational complexity (see, e.g., [23]). With € we indicate the empty word. A decision problem P is
a formal language over {0, 1}, and a complexity class is a set of decision problems. We write P; <, P; if
the decision problem P; can be reduced to P in polynomial time. The following relationship between
complexity classes is known:
NC C PTIME C PSPACE

NC consists of all problems decidable in polylogarithmic time on a parallel computer with a polynomial
number of processors, PTIMEconsists of all problems decidable in polynomial time by a deterministic-
Turing machine, and PSPACE is the class of all problems that can be solved with polynomial space by a
deterministic Turing machine.



3. Abstract Argumentation

An abstract argumentation framework (AAF) [1] is a directed graph F' = (A, R) where A is a (finite) set
of arguments and R is arelation R C A x A. An argument a is said to attack an argument b if (a, b) € R.
For a set £ C A we define

Ef ={a€ A|3be E,bRa}
Ep ={a€ A|3be E,aRb}

If E is a singleton set, i.e., E = {a} for some a € A, then we also just write a}, (resp. ay) for {a}}.
(resp. {a} ). If the AF is clear in the context, we will omit the index.
A ranking-based semantics [2] is defined as follows.

Definition 3.1. A ranking-based semantics p is a function which maps an AAF F' = (A, R) to a preorder
=2 on A.
ZF

Intuitively @ =/ b means that a is at least as strong as b in F'. We define the usual abbreviations as
follows; a 4. b denotes strictly stronger, i.e. a =" b and b 4. a. Moreover, a ~%, b denotes equally
strong,i.e. a = band b =%, a.

Many different ranking-based semantics exist, see [4] for a survey, but in this paper, we will only
consider the discussion-based semantics from Amgoud and Ben-Naim [2]. Very central to this semantics
is the notion of length of walks, from graph theory, which we define next.

Definition 3.2. Let F' = (A, R) be an AAF, x € A and ¢ > 0. The set of walks of length ¢ in F that end
in x is denoted by RY'(z) and defined by:
Ri(z) ={(y,2) |y € x5}
Ri(@) = J{ G zimny2) | (e zicny) € REL(Y) )
yET
forall 7 > 1.

The intuition behind the discussion-based semantics is that an argument is stronger if it has less attack
walks, 1. e., walks of odd length that end in the argument, and more defense walks, i.e., walks of even
length that end in the argument. This is formalised by Amgoud and Ben-Naim [2] as follows.

Definition 3.3. Let ' = (A, R) be an AAF, x € A and i > 0. The discussion count Dis(x) is an infinite
vector of natural numbers Dis’ (z) = (Dist (x), Dis} (z),...) with

e —IRF(2)| ifiisodd
Disi (x) = { |RF(z)|  ifiiseven

Now an argument ¢ is stronger than an argument b if the discussion count of « is lexicographically
larger than the discussion count of b. That is, for two (possibly infinite) vectors & = (xy, x9, ..., ) and
7 = (y1,92,...,) we have & > i/ if either 2; = y; for all i > 0 or there is k > 0 with 2, > y; and
zj=y;forallj=1,... k-1

Definition 3.4. Let ' = (A, R) be an AAF. The dicussion-based semantics p® is defined via t?}”:
P (F) with

a =% biff Dist (a) > Dis? (b)

forall a,b € A.
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x | Disi(x) Disa(x) Diss(x) x | Disi(x) Disa(x) Diss(x) x | Disy(x) Disg(x) Diss(x)
a 0 0 0 a -2 4 —4 h -2 4 —4
b | -1 0 0 b -2 2 4 j 1 1 )
c -1 1 0 c —2 2 —4 k -3 3 —6
d -1 0 0 d -1 2 —4 l -1 2 —4
e -1 0 0 e -1 2 —4 m -1 2 —4
Flo—2 P 0 o 2 4 n| -1 2 4
g -1 2 -2 g -1 2 —4 o -1 2 —4

Figure 1: F; from Example 3.5  Figure 2: F; from Example 3.6  Figure 3: F; from Example 3.7
and the discussion count until 3. and the discussion count until 3. and the discussion count until 3.

Example 3.5. Let I} = (A, R;) with

Ay ={a,b,c,d,e, f,g}
Rl = {(avb)7 (CL, d)v (aae)v (ba C)7 (da f)a (eaf)v (fag)}

be the AAF as depicted in Figure 1. Argument a is unattacked, so it is the strongest argument. The
arguments b, d and e have the same attackers (argument a) and are therefore equally strong. The arguments
c and g are both attacked by one argument each, however g is defended by two arguments, while c is only
defended by one argument, thus g >C}§;S c. Argument f is attacked by two arguments, rendering f the

weakest one according to the discussion-based semantics. The ranking is:

dbs dbs dbs _ ~_dbs ; . dbs dbs
a’>_F1 g>_F1 C>‘F1 e_Fl d_F1 b>_F1 f

In the remainder of this paper, we are interested in the following decision problems:

EQuIVDIs
Input: AAF F = (A, R) and a,b € A.
Question: Does a ~9 b hold?

STRONGERDIS
Input: AAF F' = (A, R) and a,b € A.
Question: Does a =% b hold?

Note that the above questions can be easily answered if F' is acyclic, since the number of all walks
ending in arguments ¢ and b are finite and their numbers can easily be compared in polynomial time.
However, if F' contains cycles, the set of walks ending in a and b, respectively, becomes infinite, with
possibly a complex underlying structure.

Example 3.6. Let F, = (A, Ry) with

Ay ={a,b,c,d,e, f,g}
Ry ={(a,d), (a,e€), (a, f), (a,9), (b,a), (¢c,a), (d,b), (e, ]), (g, ), (f,c)}

as depicted in Figure 2. Arguments d, g, f and g have the same attacker a, while the other three arguments
have two attackers each. For argument a, there are four walks of length 2 and length 3 ending in that
argument. For length 4, there are already eight walks of length 4 ending in argument a. These numbers
increase significantly for longer lengths.



One might guess that a 2‘}?5 b only holds if F' is somewhat isomorphic about a and b, i.e., the
topological structure of F' is the same for both a and b. This is not the case as the following example
shows.

Example 3.7. Consider F3 = (As, R3) with
AS = {h7i7j7k7l7m7n7 0}
R3 = {(h7 l)7 (h7m)7 (h7 n)’ (h7 0)7 (]7 h)’ (k7 h)’ (l7 k)’ (m7])7 (n7 k)7 (07 k)} Y

which is also presented in Figure 3, we compare F3 with F5 from Example 3.6. Note that there are
two walks of length 2 to a over b and two walks of length 2 to a over ¢, but there is only one walk of
length 2 to h over j and three walks of length 2 to h over k. Thus, the topological structure of F3 and
F are different, but, nonetheless, as we show at the end of this paper, a ~% h holds for the AAF

_F}Oinl
Fioint = (A2 U A3, Ry U R3).

The above examples may raise the question of whether there is a bound at all for a walk length ¢ for
which one has to consider Dis! (a) and Dis! (b) in order to be sure that a ~9* b holds. One might
argue that it should suffice to only consider walks up to length |A| + 1 since all longer walks contain
cycles and are therefore “combinations” of walks already seen. However, there is no apparent formal
reason for such an assumption, since it remains difficult (or even indeterminate), from a combinatorial
point of view, to find the exact number of walks of a certain length, given that we already know the
number of walks of smaller lengths. In fact, no closed-form solution is known for deriving the number of
walks of length £ for any k, given that we know the lengths of walks of length 1,..., k — 1 [24].

4. Graph-Theoretical Perspective

We now take a more general perspective than for abstract argumentation frameworks and consider general
directed graphs and graph theory notation, where we write G = (V, E) for a directed graph. As for
argumentation frameworks, we denote by R (v) the walks of length 7 in a graph G = (V, E) that end in
v € V. If G is clear from the context, we may omit G.

We say that two vertices v, v of G agree on the numbers of walks if for each length the number of walks
of that length ending in these vertices is the same, i.e., |R;(v)| = |R,(v’)| holds for all i € N. Next, we
define the corresponding decision problem as follows.

EQUALWALKCOUNT
Input: Graph G = (V, E)) and two vertices v,v’ € V.
Question: Do v and v’ agree on the numbers of walks?

There is an immediate relationship between the problem EQUALWALKCOUNT and the problem
EqQuivDIs.

Theorem 4.1. EQUIVDIS <, EQUALWALKCOUNT
Proof. The reduction is the identity function
(F,a,b) — (F,a,b)

which is easily computable in polynomial time. We have that a :‘}PS b holds exactly whenever
Dist'(a) = Dist'(b) for all n € N. The latter is the case when |R,(a)| = |R,,(b)| hold for all
n € N. O

We establish connections between |R,(v)| and other notions. With N(v) = {v' € V | (¢v/,v) € E}
we denote the set of in-neighbours of v, i. e., those vertices that have an edge going out that ends in v. We
define the notion

T;:V — Ny T1(v) = |N(v)| Tip(v)= > TH) |
v’ €N (v)

for which one can show that T;(v) coincides with the number of walks of length i ending in v.



Proposition 4.2. Forallv € V and u € N holds:

Ri(v)] = Ti(v)

Proof. For ¢ = 1, this is immediate by the definitions. For ¢ > 1, we have that

U (o) | i) € Ri)

yeN(v)

| z+1

Because every tuple (z1, ..., z;, y) ends with the unique element y, the union is disjoint. Hence, we obtain
the following:

Riy1(v)] = Z

YEN(v)

{(zl,...,zi,y,v)|(z1,...,zi,y)€7€i(y)}': Y Ti()=Tia(v) O

yEN(v)

Another representation of |R,(v)| is via the adjacency matrix. The adjacency matrix M € {0, 1}/VI*IV
of G is the matrix with M[v,v'] = 1 if and only if (v,v") € E; whereby, M|[v, v'] stands for M|i, j]
presuming that V. = {v1,..., v} and v = v; and v = v;. We write M [a] as an abbreviation for
> bea M[b, a]. Ttis well-known, see, e.g., Tinhofer et al. [25], that |R;(v)| can be represented as the sum
of the column of v in the i-th power of the adjacency matrix M.

Proposition 4.3. Forallv € V and i € N holds:

[R(v)] = M[v]
Proof. Fori =1, we have
> Afvg, 0] Yo 1= Ry()
j=1 v eV, (v w)EE

For i = n + 1 we have

> Aol =) (AT A)oy0] = DAY= Y R ()] = [Ri()|O
j=1 j=1

v eV, (v w)eE j=1 v eV, (v v)eERE

5. Q-Automata and their Equivalence

We provide background on semiring-automata and the complexity of computing whether two respective
automata over the semiring of rational numbers are equivalent.

1. Q-Automata

A generalization of finite (nondeterministic) automata is its extension to arbitrary semirings and its
connection to formal power series [26, 27]. In the following, we introduce automata over the semiring
of rational numbers Q. For a finite alphabet X, a formal power series (over the semiring Q and ¥*) is a
function S : ¥* — Q.

Semiring-automata follow the same intuition as nondeterministic finite automata [22, 28], but assign
weights from an underlying semiring to the initial states, to the transitions and to the final states. The
semantics is then that every run yields a weight, which is the product of the weights along the run.



Definition 5.1. A QQ-automaton (over the finite alphabet X)) is a tuple A = (Q, X, 9, I, F') such that

* () a finite set (the states),

* Y afinite alphabet,

* J:@Q x X x @ — Q the transition function,
e I : (@ — Q initial values, and

* F: (@ — Q final values.

For all states ¢,p € @, alln > 1 and all a,a1,...,a, € X define the extended transition function
R xY*xQ—Q:
1 ,ifp=gq
0 ,ifp#gq
6*(¢,a,p) = 0(q,a,p)

0*(q a1 ...an,p) = Zé(q,al ceilp_1,7) - 0(Tyan,p)
reQ

6*(q,e,p) = {

For each state ¢ € () and each word w € >* define:

A(g,w) =Y 1(p) - 6*(p,w,q) - F(q)

peEQ

That is, A(q, w) is the sum over all runs for the word w that end in g, where weights are multiplied. Each
automaton A induces a formal power series [.A] which is defined by:

[A]: =% = Q [Al(w) = > Alg, w)
q€Q

Note that, when one replaces QQ by the semiring of Booleans B = ({0,1},A,V,0, 1), one obtains
nondeterministic finite automata. For instance, in B-automata .A(q,w) = 1 holds when there is an
accepting run for the word w that starts in gq.

5.2. Equivalence of Q-Automata

We say that two (Q-automata are equivalent if they induce the same formal power series. The following
problem of equivalence has been considered in automata theory.

Q-EQUIVALENCE

Input: Q-automata .A; and A, over the same alphabet 3.
Question: Does [A;] = [A2] hold?

The general methodology for deciding the equivalence of semiring automata is attributed to Schiitzen-
berger [29]. Decidability for the semiring Q is given by Esik and Maletti [30]. The detailed analysis of
the computational complexity of Q-EQUIVALENCE is given by Tzeng [20].

Proposition 5.2 (Tzeng [20]). Q-EQUIVALENCE is in NC.

We will also make use of the following result by Kiefer [31] that shows when solving Q-EQUIVALENCE
in PTIME (instead of NC), one obtains a witness whenever the input is non-equivalent.

Proposition 5.3 (Kiefer [31]). There is an algorithm that decides Q-EQUIVALENCE in polynomial time
for two given automata A1 = (Q1,%, 61, 11, F1) and Ay = (Q2, 3, 02, I, F»), and if Ay and Ag are not
equivalent, then a word w € ¥* with [A;](w) # [A2](w) of maximal size |Q1|+|Q2|—1 is provided.



The proof of the above proposition is constructive and provides an algorithm. We will outline this
algorithm now, but for a more deliberated and detailed presentation, we refer to Kiefer [31]. For the
algorithm, one computes the linerar representation (c, M, n) of an Q-automaton A = (Q, %, 4,1, F)
with @ = {qo, . .., ¢n—1}, which is that

e a € QY is the initial vector (a row-vector over Q), such that a[0,i] = I(g;) for all i €
{0,...,n},

o M : 3 — Q"™ assigns to every sign a quadratic matrix (the transition matrix), such that
M(a)[i, j] = 6(gi,a,q;) foralli € {0,...,n}, and

e n € Q™! is the final vector, a column-vector over Q such that afi,0] = F(g;) for all i €

{0,...,n}.

One can obtain the power series [.A] by means of the matrix multiplication, i.e., for all words w =
ap - .. ay, € XF it holds

[Al(w) = a- M(w) -7

whereby M (w) = M(ag) - ... M(ay). Because Q is also a field, Q" is also a vector space over Q
of dimension dim(Q™) = n. For a set of vectors S C Q", we denote by span(.S) the smallest subset
of Q" that contains S and is itself a vector space (with the same scalars and operators from Q™). The
forward-space Fy of a Q-automaton A is defined by

Fi =span({a- M(w) |w € ¥*}) .

Because F; is a subspace of Q", the dimension of the vector space F;4 is bound by dim(Z4) < n. Hence,
F4 has a base By consisting of dim(Z4) many vectors. Notably, for each base b € By, there is a word wy,
of length |wp| < dim(F4) — 1 such that b = a - M (wy,). One computes a base B4 of F4 by initially set
B4 = {a} and W = X. In each iteration dequeue w;, € W and if b = o - M (wy) is linear independent to
By, add bto By and set W = W U {wpa | a € X}. All operations are feasible in polynomial time; linear
independence can be tested by computing the reduced row echelon form [32]. Given B4, we decide in
polynomial time the emptiness problem for A, i. e., decide if [.A](w) = 0 holds for all w € ¥*. This can
be done by checking for each vector b € B4 if b - 7 = 0 holds, i. e., all bases are orthogonal to the final
vector 7. Because matrix multiplication can be computed in polynomial time and because 54 has at most
n elements, checking for emptiness is also in polynomial time.

For computing Q-EQUIVALENCE in PTIME, one employs the method of checking emptiness from
above. First, construct (in polynomial time) from the input A; and A5 an automaton .A_ which runs Ay
and As in parallel and negates the initial values of Ay. When («;, M;, n;) is the linear representation of
A;, the linear representation (a—, M_,7_) of A_ is

o= —as] M_(a) = [Mlo(a) Mgo(a)} o [Zﬂ

where a_ € QU¥(1Qu+Qz2]) e QU@R1IHQ2)x1 gpq M_(a) € QU1HQ2)x(1Q11+1Q2)) for each a € X.
The automaton A_ has |Q1| 4+ |Q2| states. By construction, we have [A;] = [A2] exactly when A_ is
empty, i.e., [.A-](w) = 0 holds for all w € ¥*. We check emptiness of .A_ as described above, i.e., by
computing the base B of the forward-space F4_ and check then orthogonality of B_ with 7. When A_ is
non-empty, above procedure guarantees a word wy, € X* of length |wp| < |Q1] 4 |Q2] — 1 that witnesses
[Ai] # [Ao].

Note that the NC complexity of Q-EQUIVALENCE is a rather surprising phenomenon, as similar
problems are usually much harder, e. g., PSPACE [33, 20] or even undecidable [34].

6. Complexity of EQUALWALKCOUNT

In this section, we will show how the problem of deciding whether two vertices v, v’ agree on the
numbers of walks, i.e., if for each length the number of walks of that length that end in each vertex



is the same (EQUALWALKCOUNT), can be reduced to the equivalence of semiring-automata over
(Q-EQUIVALENCE), yielding a PTIME complexity.

The central insight of this section is that one can construct for a vertex v € V of a graph G = (V, E)
an Q-automaton A7, over a unary alphabet, e.g., ¥ = {s}, such that the formal series [A7;] yields the
numbers of walks of length 7 that end in v for the word s*. Formally, for a graph G = (V, E) and a vertex
v € V, we define the following Q-automaton A, = (V, X, 0, I, F') with:

X ={s} I(q) =1
R ,if (¢,p) € E _J1 gqg=vw
6(q’a’p)_{0 .if (¢,p) ¢ E F(q)_{O q#v

The states of the automaton Ay, are the vertices V/, the alphabet ¥ = {s} is unary, and v is the only state
to which we assign a non-zero weight. The transition function is (quintessentially) the edge relation of
the graph G, i. e., the transition from v to v" when reading a has weight 1 when there is an edge from v to
v’ in G; otherwise the weight is 0.

Lemma 6.1. For each Graph G = (V, E), each vertex v € V and each i € N holds T;(v) = A% (v, s°).

Proof. We start by showing for each ¢ € V' and ¢ € N holds:

=Y 5 (p,sq)

peV

The proof is by induction. For these case of ¢ = 1, we have

T1<q>:w<q>r:\{pevw<p,q>eE}:Z({; 1 (prq) ) S 6, 5,0) = 3 6 (0, 5,0)

= if (p, q)

For the case of 7 > 1, we have

*(p,s',q) = *(p, s r) - 6(r, a, sThr) (g€ B
IEUERIES ) RIS 9 I ¢ s MM)

peV peV reVv peV reVv
=2 D> ST = > D o = 3 Ta(n) = Tig)
pEV reN(q) reN(q) peV reN(q)

Finally, we show T;(v) = A% (v, s'):

A% (v, s%) ZI - 6*(p, s',v) Zl §*(p, s, v) 1—25*]),3 v) = T;(v)
peV peV peEV
This completes the proof of Lemma 6.1. O

We obtain the following theorem by combining Proposition 5.2 and Lemma 6.1.
Theorem 6.2. The following holds:
(a) EQUALWALKCOUNT <, Q-EQUIVALENCE

(b) EQUALWALKCOUNT is in PTIME.

Proof. Clearly, (b) follows from (a) and Proposition 5.2. For (a), we consider the construction of A7,.
One constructs A¢, easily in polynomial time in the size of the graph G' = (V, E). Lemma 6.1 guarantees
the following property:

<TZ(v) = T;(v') forall i €N> & (.Ag(v, s') = AZ(v', s") forall i € N)



Now note that the following property holds:
(A”G(v, s =AY (v, s') forall i € N) & [AL] =[AY]

This is because u is in Af: the only state non-zero final value for u € {v,v’}. Moreover, because Ag, and
.Ag operate on the unary alphabet ¥ = {s}, for each i € Ny the word s* is the one and only word in X’

Due to the above insights,
(G,v,v') = (4G, AG)

is a polynomial-time many-one reduction from EQUALWALKCOUNT to Q-EQUIVALENCE. g

By combining Theorem 6.2, respectively Lemma 6.1, with Proposition 5.3, we obtain the following
central insight.

Theorem 6.3. For every graph G = (V, E) and all vertices v,v' € V that do not agree on the number of
walks, it holds
min{ i € N| |[R;(v)] # [R;(v')| } < 2[V| - 1.

Intuitively, Theorem 6.3 states that the size of the smallest witness for non-agreement on the number
of walks is bound linear in the amount of vertices.

7. Complexity of Discussion-Based Semantics

In this section, we settle the complexity of the discussion-based semantics. Specifically, we show that
EQUuUIVvDIS and STRONGERDIS are decidable in polynomial time. The preceded sections provide the
following sequence of reductions:

EQuivDIs <, EQUALWALKCOUNT <,, Q-EQUIVALENCE

By employing Proposition 5.2, we obtain from Theorem 4.1 and Theorem 6.2 decidability within
polynomial time.

Theorem 7.1. EQUIVDIS is in PTIME.
In the following example, we carry out the line of reductions and show how the final result is computed.

Example 7.2. Consider the AAF
Fioint = (A2 U A3, Ry U R3)

from Example 3.7, which is the union of Fy, = (A, Ry) from Example 3.6 and F3 = (A3, R3) from
Example 3.7. We show that a ~9° h holds by carrying out the reduction of the problem to Q-
EQUIVALENCE.

The input of EQUIVDIS is (Fjoim, a, h) and as described in Theorem 4.1 the reduction to EQUAL-
WALKCOUNT is the identity function, yielding the same tuple. Following Theorem 6.2, the re-

duction EQUALWALKCOUNT <, Q-EQUIVALENCE computes for (Fjini, @, h) the two Q-automata

A = A%joim and Ajf’(; ot = A%oint' As a is the only accepting state in Aj;, it is sufficient to consider
only the connected component of quoim which contains a, which we denote by .4,. Analogously, we

denote with Ay, the restriction of Aj’gim to the connected component which contains h. The automata A,
and A4, are presented in Figure 4. Following the line of reductions in Theorem 4.1 and Theorem 6.2, we
have a ~% h exactly when A, and A;, are equivalent.

Next, we decide equivalence of A, and Ay. For that, we compute an automaton .A_, that is empty
exactly when 4, and Ay, are equivalent. The construction of A_ is given in Section 5.2, and the resulting
linear representation (., M_,7_) of the automaton A_ is given in Figure 4. Basically, .A_ is the union of
A, and A;, where the initial values of states of A_ is —1 instead of 1. The base 5_ = {by, ba, b3, by} of

the forward space 7_ = F4_ = span({a_ - M_(w) | w € ¥*}) is:
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Figure 4: Automata A, and A;, (left) and the linear representation («a_, M_, n_) of the automaton

A_ (right) from Example 7.2.

Left side: An edge with label s:1 indicates that transitioning from the source to the target when
reading s has weight 1. Edges with weight zero are omitted. Initial weights and final weights of
the states are not explicitly given; each state has an initial weight of 1, and each state has a final
weight of 0, except for double-circled states, which have a final weight of 1 (“accepting state”).

b =1 trrrr i aLLLny oy
by=[2 2 2 1 1 1 1 —2—1-3 -1 =1 =1 =1]
by=[4 2 2 2 2 2 2 —4-1-3-2-2-2-2]
bi=[4 4 4 4 4 4 4 —4 -2 —6 —4 —4 —4 —4]

For each base b;, with i € {1,2, 3,4}, the word w; = s~ 1 is such that b; = a_ - M_(w;). Recall that n_
is orthogonal to JF_ exactly when for all bases b € I3_ holds b - n- = 0. This is the case, asb-n- =0
holds for all bases b € 3_. Because 7)- is orthogonal to F_, we obtain that .4_ is empty. Consequently,
A1 and As are equivalent and we obtain a :‘}bs h.

A careful reconsideration of the above sequence of reductions from EQUIVDIS to Q-EQUIVALENCE
reveals that whenever for two arguments a, b their discussion count differs, then the smallest index in
which the infinite vectors Dis! (a) and Dis® (b) are different is bound linear in the size of F.

Theorem 7.3. Let F' = (A, R) be an AAF and let a,b be two arguments of F. If a ;éj{f’s b holds, then
there is some i € N with i < 2|A| — 1 such that Dist (a) # DisE (b).

Proof. Due to Theorem 4.1, we have that a Qé‘}l?s b holds exactly when a and b do not agree on the
number of walks. For the latter, due to Theorem 6.3, the smallest index 7, such that |R,(a)| # |R,(D)]
holds is bound by 2| A| — 1. O

We consider Theorem 7.3 and Theorem 6.3 as one of the most central insights of this paper. First,
because there seems to be no easy way to prove the bounds that are provided by these theorems. Moreover,
Theorem 7.3 enables us to decide STRONGERDIS in polynomial time. Such an algorithm for deciding
STRONGERDIS is sketched in Algorithm 1.

Theorem 7.4. STRONGERDIS is in PTIME.
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Figure 5: AAF F, from Example 7.5 and its adjacency matrix.

Algorithm 1: Algorithm for STRONGERDIS. Algorithm 2: Algorithm for EQUIVDIS.
Input: AAF F' = (A, R) and arguments a,b € A. Input: AAF F' = (A, R) and arguments
Output: Yes, if a =% b holds; otherwise, No. a,b € A.

i < 1; M <+ AdjacencyMatrix(F); Output: Yes, if a ~%S b holds; otherwise,
while i < 2|A| — 1 do No.
if M[a] < MIb] and i is odd then return Yes; i < 1; M < AdjacencyMatrix(F);
if M [b] < Mla] and i is even then return Yes; while i < 2|A| —1do
if M[b] # M|a] then return No; if M[b] # M|a] then return No;
M + M - AdjacencyMatrix(F'); M + M - AdjacencyMatrix(F) ;
11+ 1; 11+ 1;
return Yes; return Yes;

Proof. Matrix multiplication is known to be in polynomial time [35]. Hence, because M is of size
|A| x |A], all checks and multiplications in Algorithm 1 are computable in polynomial time in |A|. The
central loop is executed at most 2|A| — 1 times, rendering the whole runtime of Algorithm 1 to be in
polynomial time. Correctness of Algorithm 1 follows from Proposition 4.3 and Theorem 7.3. O

Example 7.5. Let Fy = (A4, Ry) be the AAF with

Ay ={a,b,c,d}
Ry ={(a,d), (b, a),(b,d),(c,a),(c,b),(c,c), (d, )} ,

depicted in Figure 5 together with its adjacency matrix M. We show that a i}{lff b holds by executing
Algorithm 1. Algorithm 1 computes the respective matrix power M of the adjacency matrix succinctly.
This is because Proposition 4.3 guarantees that M*[v], i.e., the sum of the respective column vector
of v, equals |R,(v)|. The powers M? and M3 are given in Figure 5. As one can check we have
Mla) = 2 = M[b] and M?[a] = 3 = M?[b]. When the central loop of Algorithm 1 is executed the
third time, we obtain M3[a] = 4 < 5 = M?3[b] and, because 3 is odd, Algorithm 1 returns Yes. This
corresponds to a t%’f b, which holds because we have:

Disti(a) = (2,3, —4,...) > (=2,3,-5,...) = Dis"(b)

With Theorem 7.4 established, one easily adapts Algorithm 1 to Algorithm 2 which computes EQUIV-
Dis. Finally, the reduction from Section 6 also shows EQUALWALKCOUNT <,, Z-EQUIVALENCE,
whereby the latter is the equivalence problem of semiring automata over the integers, which is also in
PTIME [21]. However, there is no analogue to Proposition 5.3 known for Z and hence, using Q is vital
to identify the complexity of STRONGERDIS.

8. Conclusion

We settled a computational question that had long been unanswered, namely the question of decidability
and computational complexity of the discussion-based semantics in abstract argumentation. We showed
that deciding whether two arguments are ranked equally or whether one argument is ranked strictly better
than the other are both decidable in polynomial time. In particular, we showed that it suffices to explore
walks up to length 2| A| — 1 in order to correctly classify the relation of two arguments, thus providing the



means to prove correctness for algorithms such as the one from [4]. Our result made use of insights from
automata theory, in particular regarding the question of equivalence of automata over semirings. Thus,
our result provides a means to link abstract argumentation research to graph theory and automata theory.

Although we focused our analysis on the discussion-based semantics of Amgoud and Ben-Naim [2],
the results of this work are relevant for a broad range of ranking-based semantics, in particular those
that are defined on lengths of walks. For example, the burden-based semantics [2], the larger family of
propagation-based semantics [17], and the ruples approach [18] all are based on (information flowing
through) walks and values determined from these walks. In particular, all these semantics highly depend
on numbers of walks of different lengths. For future work, we aim to generalise the result from this paper
to these approaches.
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